Cross-bifix-free sets are sets of words such that no prefix of any word is a suffix of any other word. In this paper, we introduce a general constructive method for the sets of cross-bifix-free q-ary words of fixed length. It enables us to determine a cross-bifix-free words subset which has the property to be non-expandable.
Introduction
A cross-bifix-free set of words (also called cross-bifix-free code) is a set where, given any two words over an alphabet, possibly the same, any prefix of the first one is not a suffix of the second one and vice-versa. Cross-bifix-free sets are involved in the study of frame synchronization which is an essential requirement in a digital communication systems to establish and maintain a connection between a transmitter and a receiver.
Analytical approaches to the synchronization acquisition process and methods for the construction of sequences with the best aperiodic autocorrelation properties [1, 2, 3, 4] have been the subject of numerous analyses in the digital transmission.
The historical engineering approach started with the introduction of bifix, a name proposed by J. L. Massey as acknowledged in [5] . It denotes a subsequence that is both a prefix and suffix of a longer observed sequence.
In [4] the notion of a distributed sequences is introduced, where the synchronization word is not a contiguous sequence of symbols but is instead interleaved into the data stream. In [6] is showed that the distributed sequence entails a simultaneous search for a set of synchronization words. Each word in the set of sequences is required to be bifix-free. In addition, they arises a new requirement that no prefix of any length of any word in the set is a suffix of any other word in the set. This property of the set of synchronization words was termed as cross-bifix-free.
The problem of determining such sets is also related to several other scientific applications, for instance in pattern matching [7] and automata theory [8] .
Several methods for constructing cross-bifix-free sets have been recently proposed as in [9, 10, 11] . In particular, once the cardinality q of the alphabet and the length n of the words are fixed, a matter is the construction of a cross-bifixfree set with the cardinality as large as possible. An interesting method has been proposed in [9] for words on a binary alphabet. This specific construction reveals interesting connections to the Fibonacci sequence of numbers. In a recent paper [11] the authors revisit the construction in [9] and generalize it obtaining cross-bifix-free sets having greater cardinality over an alphabet of any size q. They also show that their cross-bifix-free sets have a cardinality close to the maximum possible. To our knowledge this is the best result in the literature about the greatest size of cross-bifix-free sets.
For the sake of completeness we note that an intermediate step between the original method [9] and its generalization [11] has been proposed in [10] and it is constituted by a different construction of binary cross-bifix-free sets based on lattice paths which allows to obtain greater values of cardinality if compared to the ones in [9] .
In this study, we revisit the construction in [10] . We give a new construction of cross-bifix-free sets that generalizes the construction of [10] in order to extend the construction to q-ary alphabets for any q, q > 2. This approach enables us to obtain cross-bifix-free sets having greater cardinality than the ones presented in [11] , for the initial values of n. This new result extends the theory of crossbifix-free sets and it could be used to improve some technical applications. This paper is organized as follows. In Section 2 we give some preliminaries and describe the adopted notation. In Section 3 we present a new construction of cross-bifix-free sets in the q-ary alphabet and in Section 4 we analyze the sizes of the sets of our construction in comparison to the ones in the literature.
Basic definitions and notations
Let Z q = {0, 1, · · · , q − 1} be an alphabet of q elements. A (finite) sequence of elements in Z q is called (finite) word. The set of all words over Z q having length n is denoted by Z n q . A consecutive sequence of m element a ∈ Z q is denoted by the short form a m . Let w ∈ Z n q , then |w| a denotes the number of occurrences of a in w, being a ∈ Z q . Let w = uzv then u is called a prefix of w and v is called a suffix of w. A bifix of w is a subsequence of w that is both its prefix and suffix.
A word w ∈ Z n q is said to be bifix-free or unbordered [12] if and only if no prefix of w is also a suffix of w. Therefore, w is bifix-free if and only if w = uzu, being u any necessarily non-empty word and z any word. Obviously, a necessary condition for w to be bifix-free is that the first and the last letters of w must be different.
Example 2.1 In Z 2 = {0, 1}, the word 111010100 of length n = 9 is bifix-free, while the word 101001010 contains two bifixes, 10 and 1010.
Let BF q (n) denote the set of all bifix-free words of length n over an alphabet of fixed size q (for more details about this topic see [12] ).
Given q > 1 and n > 1, two distinct words w, w ′ ∈ BF q (n) are said to be cross-bifix-free [6] if and only if no strict prefix of w is also a suffix of w ′ and vice-versa.
Example 2.2 The binary words 111010100 and 110101010 in BF 2 (9) are crossbifix-free, while the binary words 111001100 and 110011010 in BF 2 (9) have the cross-bifix 1100.
A subset of BF q (n) is said to be a cross-bifix-free set if and only if for each w, w ′ , with w = w ′ , in this set, w and w ′ are cross-bifix-free. This set is said to be non-expandable on BF q (n) if and only if the set obtained by adding any other word in BF q (n) is not a cross-bifix-free set. A non-expandable cross-bifix-free set on BF q (n) having maximal cardinality is called a maximal cross-bifix-free set on BF q (n).
In a recent paper [11] the authors provide a general construction of crossbifix-free sets over a q-ary alphabet. Below, we recall such generation for the family of cross-bifix-free sets in Z n q . For any 2 ≤ k ≤ n − 2, the cross-bifix-free set S k,q (n) in [11] is the set of all words s = s 1 s 2 · · · s n in Z n q that satisfy the following two properties:
be the sequence enumerating the words in Z n q avoiding k consecutive zero's [13] . Then, from the above definition of S k,q (n), we have
For any fixed n and q, the largest size of |S
n,q | is denoted by S(n, q) and it is given by the following expression as in [11] 
This result allows to obtain non-expandable cross-bifix-free sets in the q-ary alphabet having cardinality close to the maximum.
In the present paper we introduce an alternative constructive method for the generation of cross-bifix-free set in Z q . Our approach is based on the study of lattice path in the discrete plane and it moves from the construction in [10] .
Each word w ∈ Z n q can be represented as a lattice path of N 2 running from (0, 0) to (n, 0) having the following properties:
-the element 0 corresponds to a fall step which is defined by (1, −1), -the element 1 corresponds to a rise step which is defined by (1, 1) , -the elements 2, . . . , q − 1 correspond respectively to a colored level step which is defined by (1, 0) and it is labeled by one of the q − 2 fixed colors.
For example, in Table 1 and Table 2 is showed an equivalence between elements and steps of lattice paths in the alphabets Z 3 and Z 4 , respectively. Table 1 : Equivalence between symbols and steps for Z3 = {0, 1, 2}.
Symbol
Step Color Representation Table 2 : Equivalence between symbols and steps for Z4 = {0, 1, 2, 3}.
Step Color Representation
From now on, we will refer interchangeably to words or their graphical representations on the discrete plane, that is paths. The definition of bifix-free and cross-bifix-free can be easily extended to paths.
A k-colored Motzkin path of length n is a lattice path of N 2 running from (0, 0) to (n, 0) that never goes below the x-axis and whose admitted steps are rise steps, fall steps and k-colored level steps (for more details about this copy see [14] ).
For example, the left side of Fig. 1 shows a Motzkin path in Z 3 having length 6, while the path in its right side is not a Motzkin path since it crosses the x-axis.
We denote by M k (n) the set of all k-colored Motzkin paths of length n, and let M k (n) be the size of M k (n). 
Proof. If n = 0, M k (n) contains the empty path only, then M k (0) = 1. If n = 1, M k (n) only contains those paths obtained by a level step, thus M k (1) = k. Let n ≥ 1 and w ∈ M k (n + 1). There are two cases: w begins with a level step or w begins with a rise step. In the first case we have that w = hα where h is a level step and α ∈ M k (n), then the number of this first kind of paths is equal to kM k (n).
Otherwise, we have that w = uαdβ where u is a rise step, d is a fall step, α ∈ M k (i) and β ∈ M(n − 1 − i) with 0 ≤ i ≤ n − 1. Then the number of this latter kind of paths is equal to For our purposes, it is useful to denote byM q−2 (n) the set of all elevated (q − 2)-colored Motzkin words of length n, defined aŝ
For example, in Fig. 2 two words inM 1 (6) are depicted. In the next section of the present paper we are interested in determining one among all the possible non-expandable cross-bifix-free sets of words of fixed length n > 1 on Z n q . We denote this set by CBF S q (n). 
3 On the non-expandability of CBF S q (n)
In this section we define the set CBF S q (n) which is formed by the union of three sets of (q − 2)-colored Motzkin paths denoted by A q (n), B q (n) and C q (n), with q ≥ 3 and n ≥ 3, respectively.
, be the set of words composed by a (q − 2)-colored Motzkin word α of length i, and a elevated (q − 2)-colored Motzkin word β of length n − i (see Fig. 3 ). If n is even, we need to remove the words composed by two elevated subwords of the same length. On the other side, if n is odd, we assume the set αβ : α, β ∈M q−2 n 2 empty, since it does not exists any path of non-integer length.
Then, the enumeration of the set A q (n) is given by the following expression
with 0 ≤ i ≤ n 2 − 1, be the set of words composed by a rise step, a (q − 2)-colored Motzkin word α of length i, and a elevated (q − 2)-colored Motzkin word β of length n − i − 1 (see Fig. 4 ). Then, the enumeration of the set B q (n) is given by the following expression
with j ≥ n 2 , be the set of words composed by a (q − 2)-colored Motzkin word γ of length n − 1 that avoids elevated (q − 2)-colored Motzkin words of length j, and a fall step (see Fig. 5 ).
Then, the enumeration of the set C q (n) is given by the following expression
Note that, in order to obtain the size |C q (n)| we need to subtract from all words γ of length n − 1 those containing a elevated Motzkin subword β of length greater than or equal to ⌈n/2⌉, and γ can contain one of those subwords at most. Then, for k = ⌈n/2⌉ , . . . , n − 1 we need to remove the words uβv, with
At this point, we define the set CBF S q (n) as follows
that is the union of the above described sets. For instance, in Fig. 6 the set CBF S 3 (4) is depicted. The set CBF S q (n) is a cross-bifix-free set on BF q (n), for any q ≥ 3 and n ≥ 3.
Proof. Let w, w ′ ∈ CBF S q (n). Let u be a prefix of w, and v be a suffix of w ′ such that |u| = |v|. We need to check that in each case the prefix u does not match with the suffix v. is not included in it, thus u does not match with v.
Let w ∈ A q (n) and w
2. Let w ∈ B q (n) and w ′ ∈ A q (n) ∪ B q (n). For each prefix u of w we have |u| 0 < |u| 1 , and for each suffix v of w ′ we have |v| 0 ≥ |v| 1 , thus u does not match with v.
3. Let w ∈ C q (n) and w ′ ∈ A q (n) ∪ B q (n). For each prefix u of w we have |u| 0 ≤ |u| 1 . For each suffix v of w ′ we have
4. Let w ∈ CBF S q (n) and w ′ ∈ C q (n)
We proved that CBF S q (n) is a cross-bifix-free set on BF q (n), for any q ≥ 3 and n ≥ 3.
Proposition 3.2
The set CBF S q (n) is a non-expandable cross-bifix-free set on BF q (n), for any q ≥ 3 and n ≥ 3.
Proof.
Let w ∈ BF q (n) \ CBF S q (n) and W = CBF S q (n) ∪ {w}. If w begins with 0 then W is not cross-bifix-free since any word in CBF S q (n) ends with 0. If w ends with 1 then W is not cross-bifix-free since any word in A q (n) begins with 1. If w ends with a letter k = 0, 1 then W is not cross-bifix-free since the suffix k of w matches, for instance, with the prefix k of the word k n−1 0 ∈ C q (n). Consequently we have to consider w as a word beginning with a non-zero letter and ending with 0.
Let h = |w| 1 − |w| 0 be the ordinate of the last point of the path corresponding to w. We now need to distinguish three different cases: h > 0, h < 0 and h = 0.
If h > 0, w can be written as (see Fig. 7 )
where φ is a word satisfying |φ| 1 = |φ| 0 and not beginning with 0, and µ 1 , . . . , µ h are (q − 2)-colored Motzkin words with µ h non-empty as w ends with 0.
In this case, if |µ h | = l ≤ n − 2, considering for instance the word u = 1µ h 2 n−l−2 0 ∈ A q (n) we can clearly see that 1µ h is a cross-bifix between w and u, and then W is not cross-bifix-free. On the other hand, if |µ h | = n − 1, then necessarily h = 1 and w = 1µ 1 . So, w can be written as w = 1αβ, where α ∈ M q−2 (i), β ∈M q−2 (n − i − 1) with i > ⌊ n 2 ⌋ (otherwise w ∈ B q (n)). In this case, for instance, the word β12 i−1 0 ∈ A q (n) has a cross-bifix with w, thus W is not a cross-bifix-free-set.
If h < 0, w can be written as (see Fig. 8 ) In this case, if |µ −h | = l ≤ n − 2, considering for instance the word u = 12 n−l−2 µ −h 0 ∈ A q (n) we can clearly see that µ −h 0 is a cross-bifix between w and u, and then W is not cross-bifix-free. On the other hand, if |µ −h | = n − 1, then necessarily h = −1 and w = µ 1 0. So, w can be written as w = αβδ0, where β ∈M q−2 (j) with j ≥ ⌈ n 2 ⌉ (otherwise w ∈ C q (n)), and α, δ any two (q − 2)-colored Motzkin words of the appropriate length. In this case, for instance, the word 2 n−j−|α| αβ ∈ A q (n) has a cross-bifix with w, thus W is not a cross-bifix-free-set.
Finally, if h = 0, the path associated to w can either remain above x-axis or fall below it.
In the first case let i, with ⌊ n 2 ⌋ ≤ i < n, be the last x-coordinate of the path intercepting the x-axis. Notice that i can not be less than ⌊ n 2 ⌋, otherwise w ∈ A q (n). We can write w = αβ, where α is a non-empty word in M q−2 (i) and β ∈M q−2 (n − i). We now need to take into consideration two different cases: i = ⌊ n 2 ⌋ and i > ⌊ n 2 ⌋. In the first case α ∈M q−2 ( n 2 ), otherwise w ∈ A q (n), then, for instance, the word 2 n/2 α ∈ A q (n) has a cross-bifix with w. In the latter case, for instance, the word β2 i−1 0 ∈ C q (n) has a cross-bifix with w, so that W is not a cross-bifix-free-set.
In the other case the path associated to w crosses the x-axis. Let i, with 0 < i < n, be the first x-coordinate of the path crossing x-axis. We can write w = α0φ, where α is a non-empty word in M q−2 (i). In this case, for instance, the word 12 n−i−2 α0 ∈ A q (n) has a cross-bifix with w, then W is not a crossbifix-free-set.
We proved that CBF S q (n) is a non-expandable cross-bifix-free set on BF q (n), for any q ≥ 3 and n ≥ 3.
Sizes of Cross-Bifix-Free sets for Small Lengths
In this section we present some interesting results concerning the size of CBF S q (n) compared to the ones in [11] .
For fixed n and q, we recall that the size of q-ary cross-bifix-free sets given in [11] is obtained by
which is proved to be nearly optimal.
In Table III is shown the values of S(n, q) and |CBF S q (n)| for 3 ≤ q ≤ 6 and n ≤ 16. For the initial values of n, we can observe that the sizes obtained by our construction are greater than the size S(n, q). In particular, the number of the initial values of n for which |CBF S q (n)| is greater grows with q and this trend can be easily verified by experimental results.
In order to improve the values of the size S(n, q) for the initial size of n, we can consider the following expression S * (n, q) = max{(q − 1) 2 F k,q (n − k − 2) : 1 ≤ k ≤ n − 2}, where k can assume also the value 1. When k = 1, in the case of small n and large q, we obtain cross-bifix-free sets having cardinality greater than the one proposed in [11] . In Table IV is shown the values of S * (n, q) and |CBF S q (n)| for 3 ≤ q ≤ 6 and n ≤ 16. Also in this situation, we can observe that the sizes obtained by our construction are greater than the size S(n, q) in a range of values of n. In particular, the range of values of n for which |CBF S q (n)| is greater grows with q and this trend can be easily verified by experimental results. [11] with CBFSq(n), for 3 ≤ q ≤ 6 
Conclusions and further developments
In this paper, we introduce a general constructive method for cross-bifix-free sets in the q-ary alphabet based upon the study of lattice paths on the discrete plane. This approach enables us to obtain the cross-bifix-free set CBF S q (n) having greater cardinality than the ones proposed in [11] , for the initial values of n.
Moreover, we prove that CBF S q (n) is a non-expandable cross-bifix-free set on BF q (n), i.e. CBF S q (n) ∪ {w} is not a cross-bifix-free set on BF q (n), for any w ∈ BF q (n)\CBF S q (n).
The non-expandable property is obviously a necessary condition to obtain a maximal cross-bifix-free set on BF q (n), anyway the problem of determine maximal cross-bifix-free sets is still open and no general solution has been found yet.
